It is analysed Aharonov-Bohm-type effects when a spinless quantum particle is in an elastic medium with the distortion of a vertical line into a vertical spiral. By confining the spinless particle to a cylindrical box, the analogue of the Aharonov-Bohm effect for bound states is observed due to influence of the topological defect on the allowed energies of the system. It corresponds to the shift in the angular momentum quantum number yielded by the effects of the topology of the distortion of a vertical line into a vertical spiral. In addition, it is analysed the effects of rotation. It is shown that the Aharonov-Bohm effect for bound states exists. Besides, there is an analogue of the coupling between the angular momentum and angular velocity of the rotating frame.
I. INTRODUCTION
Based on the elastic theory in solids, dislocations arise from a break of the translational symmetry [1, 2] . Besides, it characterizes the presence of torsion in the elastic medium. At present days, it is well-known that dislocations can be described by the differential geometry, i.e., the deformation of the elastic medium that corresponds to a dislocation can be described by the Riemann-Cartan geometry. This proposal of using the Riemann-Cartan geometry was proposed by Katanaev and Volovich [2] , and hence, the process of "cut" and "glue" of the elastic medium (Volterra process [1] ) was connected with the geometrical description of the a topological defect in the context of general relativity. Dislocations can modify the electronic properties of the medium, therefore, there is a great interest in studies of semiconductors [3] [4] [5] and quantum dots [6] . This kind of elastic deformation in a solid is called as a linear topological defect. Examples of it are the screw dislocation and the spiral dislocation [7, 8] . In recent decades, the Katanaev-Volovich approach [2] has been widely used in the literature with the purpose of investigating topological effects associated with screw dislocations in quantum rings [9] [10] [11] , electrons subject to the deformed Kratzer potential [12] , electron gas in a cylindrical shell [13] , quantum holonomies [14] and with an electron in a uniform magnetic field [15] [16] [17] [18] . Furthermore, topological effects associated with a spiral dislocation have been made with geometric quantum phases [19] and the harmonic oscillator [20] .
In this work, we explore this line of research and investigate the topological effects associated with a screw dislocation on a spinless particle confined to a hard-wall confining potential. The most known kind of screw dislocation in the literature is the distortion of a circular curve into a vertical spiral. As shown in Refs. [10, 16] , the main effect of the presence of the distortion of a circular curve into a vertical spiral is the shift in the angular momentum quantum number that gives rise to an analogue effect of the Aharonov-Bohm effect for bound states [21, 22] . With the interface between general relativity and relativistic quantum mechanics, spacetime with dislocations have drawn attention to relativistic analogue effects of the Aharonov-Bohm effect [23] [24] [25] [26] . In the present work, we deal with another type of screw dislocation that corresponds to the distortion of a vertical line into a vertical spiral [7] . Then, we analyse Aharonov-Bohm-type effects that stem from the presence of the distortion of a vertical line into a vertical spiral in the elastic medium. In addition, we investigate effects of rotation on this system. This paper is structured as follows: in section II, we introduce the line element of the distortion of a vertical line into a vertical spiral. Then, we obtain the Schrödinger equation in the presence of this topological defect and analyse the confinement of a spinless quantum particle to a hard-wall confining potential; in section III, we investigate effects of rotation; in section IV, we present our conclusions.
II. AHARONOV-BOHM-TYPE EFFECT
In this section, we search for analytical solutions to the Schrödinger equation for a spinless particle in the presence of a screw dislocation. Here, we consider a screw dislocation that corresponds to the distortion of a vertical line into a vertical spiral [7, 8] . This kind of topological defect is described by the line element:
where 0 < r < ∞, 0 ≤ ϕ ≤ 2π and −∞ < z < ∞ and we have used the units with c = 1 and = 1. The parameter β is a constant that characterizes the torsion field (dislocation).
It can be defined in the range 0 < β < 1.
According to Refs. [15] [16] [17] , the time-independent Schrödinger equation in the presence of a topological defect is written in the form (with the units: c = 1 and = 1):
where g ij is the metric tensor, g ij is the inverse of g ij and g = det |g ij |. Observe that the indices {i, j} run over the space coordinates. Thereby, with the line element (1), the time-independent Schrödinger equation (2) becomes
It is worth observing that the cylindrical symmetry is present in the line element (1) and, as a consequence, in the Schrödinger equation (3) . In this way, a possible way of writing the solution to Eq. (3) is ψ (r, ϕ, z) = e ilϕ+ikz R (r), where k = const and l = 0, ±1, ±2, ±3 . . .
are the eigenvalues of the operatorsp z = −i∂ z andL z = −i∂ ϕ , respectively. Thereby, from Eq. (3), we obtain a radial equation given in the form:
Let us proceed our discussion by defining:
Then, the radial equation (4) becomes
where we have defined the following parameters in Eq. (6):
Hence, Eq. (6) is known in the literature as the modified Mathieu equation or radial Mathieu equation [27] [28] [29] [30] .
With the purpose of investigating the confinement of a spinless quantum particle to a hard-wall confining potential, let us define the parameter [30] :
Then, by substituting Eq. (8) into Eq. (6), we obtain a second-order differential equation
given by:
Observe that the parameter that characterizes the topological defect is defined in the range: 0 < β < 1. Therefore, we can neglect the terms proportional to β 2 and write
without loss of generality. From now on, let us call γ = (l − β k). With the approximation given in Eq. (10), therefore, Eq. (9) becomes
Hence, Eq. (11) corresponds to the Bessel differential equation [27, 28] . Since we are dealing with the cylindrical symmetry, hence, we need a regular solution at the origin. Note that when r = 0 ⇒ x = 0. Therefore, the solution to Eq. (11) is given by
where J |γ| (x) is the Bessel function of first kind [27, 28] and A is a constant. Now, we are able to analyse the confinement of the spinless quantum particle to a hardwall confining potential in the elastic medium that contains the screw dislocation (1). This confinement is described by imposing that the wave function vanishes at a fixed value of x, i.e., it must vanish when x → x 0 = β √ 2mE − k 2 cosh y 0 (r 0 is fixed):
Therefore, by substituting Eq. (12) into Eq. (13), we have that the boundary condition (13) is satisfied when
where Θ n, γ is the nth zero of the γth the Bessel function [31] . With the relation (14), we obtain the energy levels of the system:
By using Eq. (5), we can rewrite Eq. (15) in the form:
Hence, Eq. (15) or (16) yields the allowed energies of the system. Note that the parameters n and γ = (l − β k) that determine Θ n, γ play the role of the quantum number associated with the radial modes and the angular momentum (effective angular momentum), respectively. Therefore, we have that there exists the influence of the topological defect on the energy levels (4). Besides, this influence of the topological defect is made by a shift in the angular momentum quantum number even though no interaction between the quantum particle and the topological defect exists. This gives rise to an analogue of the Aharonov-Bohm effect for bound states [10, 16, 22] .
The Aharonov-Bohm effect for bound states that arises from the presence of linear topological defects in an elastic medium has been investigated in several quantum systems [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] 23] . In particular, by considering the distortion of a circular curve into a vertical spiral (a screw dislocation), it has been shown in Ref. [10] that the energy levels of a spinless quantum particle confined to a cylindrical wire depend on an effective angular momentum.
This effective angular momentum corresponds to a shift in the angular momentum quantum. In the present case, the parameter γ = (l − β k) plays the role of this effective angular momentum. Note that the shift in the angular momentum quantum number is produced by the term β k.
Let us go further with this discussion about the Aharonov-Bohm effect for bound states by analysing a particular case of Eq. (15) . Let us assume that x 0 ≫ 1. This particular case where x 0 ≫ 1, when |γ| is fixed, permits us to write the Bessel function as [23, 27, 28] :
Therefore, by substituting (17) into (13), we obtain
By using Eq. (5), we can rewrite Eq. (18) in the form:
where n = 0, 1, 2, . . . is the quantum number related to the radial modes and l = 0, ±1, ±2, . . . is the angular momentum quantum number. Therefore, we have obtained a discrete spectrum of energy when the quantum particle is confined to a hard-wall confining potential. Observe the presence of an effective angular momentum given by γ = (l − β k) in the energy levels (19) . It stems from the effects of the topology of the distortion of a vertical line into a vertical spiral, i.e., the screw dislocation given in Eq. (1). Since there is no interaction between the quantum particle and the topological defect, hence, there is the influence of the topology of the defect on the energy levels. This corresponds to an Aharonov-Bohm-type effect. Moreover, by taking β = 0, we recover the energy levels for a spinless quantum particle confined to a cylindrical box.
III. EFFECTS OF ROTATION
Recently, effects of rotation on nonrelativistic quantum systems have been reported in the literature by considering a rotating frame with a constant angular velocity given by Ω = Ωẑ [11, [32] [33] [34] [35] [36] [37] [38] . The time-independent Schrödinger equation in this rotating frame is written as
whereĤ 0 is the Hamiltonian operator of a particle system in the absence of rotation and L is the angular momentum operator. An interesting point that has been raised in Refs. [11, 23, 39, 40] is the influence of torsion on the z-component of the angular momentum L z . It is shown that the presence of torsion can modify the z-component of the angular momentum by yielding additional contributions to this operator. In particular, in Refs. [11, 23] is shown that the topology of a screw dislocation that corresponds to the distortion of a circular curve into a vertical spiral transforms the operatorL z = −i 
Therefore, the angular momentum in Eq. (20) is defined in terms of the effective operator (21) . Besides, sinceĤ 0 is determined by Eqs. (2) and (3), then, the time-independent Schrödinger equation (20) becomes
Next, by following the steps from Eq. (3) to Eq. (9), we obtain
where we have defined the parameters:
where γ = (l − β k). Note that we have replaced λ withλ and q 2 withq 2 in order to obtain the second-order differential equation (23).
Since 0 < β < 1, thus, let us also neglect the terms proportional to β 2 . In this way, without loss of generality, we can also perform the approximation:
Therefore, Eq. (23) becomes
which is also the Bessel differential equation [27, 28] . By following the steps from Eq. (12) to Eq. (15), we obtain
By using the relation (5), we rewrite Eq. (27) in the form:
Hence, we have obtained in Eq. (28) the spectrum of energy when the spinless particle is confined to a hard-wall confining potential in the rotating reference frame. Again, the parameter Θ n, γ is determined by the effective angular momentum γ = (l − β k) and the quantum number associated with the radial modes n. This effective angular momentum stems from the topological effects of the distortion of a vertical line into a vertical spiral.
In this sense, there is an analogue of the Aharonov-Bohm effect for bound states. The contribution to the energy levels (28) that arises from the effects of rotation is the coupling between the effective angular momentum quantum number γ and the angular velocity Ω, which is an analogue of the Page-Werner et al term [41] [42] [43] . Note that by taking Ω → 0, we recover the energy levels (15) .
We can also go further by assuming that x 0 ≫ 1. This gives us a particular case of Eq.
(28). We can work with this particular case by following the steps from Eq. (17) to Eq.
(18). Then, we obtain
With the relation (5), then, Eq. (29) becomes
where n = 0, 1, 2, . . . and l = 0, ±1, ±2, . . . are also the quantum numbers associated with the radial modes and the angular momentum, respectively. Therefore, in this particular case, we have obtained a discrete spectrum of energy. The presence of an effective angular momentum given by γ = (l − β k) in the energy levels (29) shows that there exists an analogue of the Aharonov-Bohm effect for bound states. Note that effective angular momentum given by γ = (l − β k) is determined by the effects of the topology of the defect, i.e., there is no contribution of the effects of rotation. In this sense, the Aharonov-Bohm-type effect arises from only the effects of the topology of the defect. On the other hand, the contribution to the energy levels (29) associated with the effects of rotation is the coupling between the effective angular momentum quantum number γ and the angular velocity Ω, i.e., it is the analogue of the Page-Werner et al term [41] [42] [43] . Note that by taking Ω → 0, we recover the energy levels (18) . Moreover, by taking β = 0 and Ω = 0, we obtain the allowed energies for a spinless quantum particle confined to a cylindrical box under the effects of rotation.
IV. CONCLUSIONS
We have investigated the quantum effects of the distortion of a vertical line into a vertical spiral on a spinless particle confined to a cylindrical box (hard-wall confining potential).
By neglecting the terms proportional to β 2 , we have obtained the allowed energies of the system. We have seen that the allowed energies are determined by the effective angular momentum quantum number γ = (l − β k). This additional contribution to the angular momentum quantum number stems from the effects of the topology of this defect even though no interaction between the quantum particle and the topological defect exists. Therefore, it corresponds to an analogue of the Aharonov-Bohm effect for bound states [10, 16, 22] .
We have also analysed the effects of rotation on this system. We have seen that the allowed energies are also determined by the effective angular momentum given by γ = (l − β k).
Observe that there is no contribution to the effective angular momentum quantum number that stems from the effects of rotation. It is determined by the effects of the topology of the defect. Besides, the presence of this effective angular momentum gives rise to an analogue of the Aharonov-Bohm effect for bound states. On the other hand, the effects of rotation gives rise to the coupling between the effective angular momentum quantum number γ and the angular velocity Ω in the allowed energies. This corresponds to the analogue of the Page-Werner et al term [41] [42] [43] . Besides, we have seen that by taking Ω → 0 and β = 0, we recover the allowed energies in the absence of rotation, but in the presence of the topological defect. With β = 0 and Ω = 0, we have the allowed energies for a spinless quantum particle confined to a cylindrical box under the effects of rotation.
